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Abstract The possibility of employing the maximum entropy principle, without any apnon  knowledge of moments, to construct approxi­
mate density functions for bound, stationary quantum states has been explored A viable scheme based on the fusion of the prescription provided 
by the above principle, with modifications as and when necessary, and the Rayleigh-Ritx variational approach has been put forward Doth ground 
and excited slates of several problems in f-°r). aoj arc considered. TIic extension to problems with finite boundaries has also been investigated 
Pilot calculations involving various anharmonic oscillators, the panicle-in-a-box and its supersymmetric partner demonstrate the success of the 
endeavour beyond any doubt.
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I. I n t r o d u c t io n
G iven asr in p u t a  se t o f  m o m e n ts  jUn (n < A) o f  a v a r ia b le  x 
in [a, 6] c o rre sp o n d in g  to  an  e x a c t p ro b a b ili ty  d e n s ity  (P D ) 
P(x),  w here
\x»P (x )dx  „  0 , I, 2 ........k. (I)
liie m a x im u m  e n tr o p y  p r in c ip le  (M E P )  [1 ] a d v o c a te s  
m ax im iza tio n  o f  th e  in fo rm a tio n  e n tro p y  fu n c tio n a l f[P] 
given by
/[/> ] = - j p ( jc ) ln [ /> ( ; r ) ] d » : (2)
to find  P{x), s u b je c t to  th e  c o n s tra in ts  im p o se d  b y  (1 ). B y 
standard  m a n ip u la t io n s , o n e  o b ta in s  th e  fo llo w in g  fo rm  o f  
an a p p ro x im a te  d e n s i ty  P^(k, x )  :
P ’^ A : ,x )  =  e x p ( - 5 " * ( A ,x ) )  =  e x p
\  /i«0
(3 )
This M E P  re c ip e  is k n o w n  [2] to  p ro v id e  th e  least biased 
estim ate o f  th e  P D  c o n s is te n t w ith  th e  a v a ila b le  in fo rm a tio n . 
P iastino a n d  c o w o rk e rs  [3 ] h a v e  m a d e  n ic e  u se  o f  it in
sta tio n a ry  q u an tu m  m ech a n ic s  to  o b ta in  g o o d  a p p ro x im a tio n s  
to  g r o u n d - s ta t e  e ig e n v a lu e s  a n d  e i g e n f u n c t i o n s  o f  
H am ilto n ian s  th a t a re  n o t e x a c tly  so lv ab le . T h e  e x te n s io n  to  
th e  m a n y -b o d y  c o n te x t by  th e se  au th o rs  [4] h a s  a lso  b een  
fo u n d  e n c o u ra g in g . H o w ev e r, th e  a p p ro a c h  re q u ire s  v a lu es  
o f  th e  firs t few  m o m en ts .
Problem s inherent in the above procedure are the  follow ing : 
(A ) E x cep t fo r  so m e  sp ec ia l c irc u m s ta n c e s  w h e re  c e rta in  
m o m e n ts  a re  e x p e rim e n ta lly  o b ta in e d , u se  o f  (3 )  in (1 )  to  g e t 
{A,,} p re su p p o se s  v a lu es  fo r  m o m e n ts  d e r iv e d  fro m  o th e r  
th e o re tic a l so u rces . T h is  m e a n s  th a t th e  p ro b le m  h a s  a lre a d y  
been  so lv ed  so m eh o w . T h e  p re se n t sc h e m e  th u s  lo ses 
g e n e ra lity . (B ) T h e  M E P  p re sc rip tio n  (3 ) te lls  u s  th a t th e  P D  
sh o u ld  go  as  exp(-A/tJc^) at la rg e  x. T h e  a sy m p to tic  b e h a v io u r  
o f  P'^(k,x) is th u s dictated by  th e  number o f  m o m e n ts  
em p lo y e d  to  construct it. T h is  is h ig h ly  u n d e s ira b le . F o r  a  
g iv en  p ro b le m , P{x) sh o u ld  h av e  a unique a sy m p to tic  fa ll- 
o ff. (C ) I f  w e  ch o o se  a  o n e -d im e n s io n a l p ro b le m  w ith  a rea l 
p o te n tia l , th e  a p p ro x im a te  w a v e fu n c tio n  m a y  th e n  b e  
w ritten  as
'H A .a-) = [ P ^ ( A ,x ) V /^  (4 )
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Tablf I. Ciroiiiid stale energies for polcntials in (8) via V M EP using the 
PD (7).
Case Polcntial parameters
P
40000
. I I I  0 0
4 I 40000 0 0 .
5 1 1  0 0
I 08 
1 0604 
I 0604 
I 0603622 
( I 06036200)“ 
36 99 
36 267
36 267 
36 2662
(36 263873)“
I 40 
I 39238 
1 30238 
I 39235166 
(1 .392351642)“
37 0 
36 277 
^6 277
(36 274458)”
0 71)
0 658 
0 658
0 6576S^K 
(0 6576530)*’
1 22
1 145 
1 14482 
1 14482 
I 14480248 
(I 144802454)“
"See Ref (I0 |, See Ref 1 1 1 ]
It is m an d a to ry  lo r  ^/(.v) to  v an ish  at th e  b o u n d a rie s . T h is 
fea tu re  sh o u ld  be e m b ed d e d  in P \k  ^ .v). W hen  x e f - on, oo], 
it m ay  be en su red  by re q u irin g  th e  sign  ofA^t in S \k,x)  to  
b e  p o sitiv e . B ut, i f th e  ac tu a l P(x) g o es to  ze ro  at o n e  o r m o re  
p o in ts  w ith in  th e  sa id  in te rv a l, form  (3 ) o f  r\k^ \) b eco m e s 
in a d e q u a te . T h is  at o n ce  n e g a te s  the  p o ss ib il ity  o f  a 
s tra ig h tfo rw a rd  im p le m e n ta tio n  o f  th e  M E P  to  ex c ited  b o u n d  
sta tes. F o r 3: e  [ a  ^ |  the  d iff icu lty  is w o rse . In th is case , ev en  
th e  g ro u n d  sta te  is n o t a m e n a b le  to  a s tan d a rd  M E P  tre a tm e n t 
s in ce  th e  fo rn i (3 )  can n o t v an ish  at fin ite  b o u n d aries . 
U n d e rs ta n d a b ly , th en , w o rk  re fe rre d  to  ab o v e  [3] has 
co n c e n tra te d  o n ly  on  ground s ta tes  in ( - qo, oo] So one 
w o n d e rs  how  o n e  w o u ld  m o d u la te  the  M E P  form  (3 ) to  
m ak e  it ap p licab le  to  th e se  o tlie r s itu a tio n s . (D ) W ith o u t any 
a priori k n o w le d g e  o f  m o m en ts , bare  m ax im iza tio n  o f  
1[P\k.  3:)) d o es  n o t y ie ld  p ro p erly  o p tim ized  PD. T h is  is 
b ecau se  no  in fo rm ation  reg ard in g  the po ten tia l is inco rporated .
O n e  m ay  b e  te m p te d  to  in tro d u c e  th is  in fo rm a tio n  in  a  rohgh 
m a n n e r  th ro u g h  th e  use  o f  th e  v ir ia l th e o re m  (V T )  [5 ] as a 
c o n s tra in t in th e  o p tim iz a tio n  p ro cess . B u t o u r  num erical 
e x p e rie n c e  te lls  th a t th is  is n o t e n o u g h . T h e  re a so n  is : a 
m u ltiv a ria te  fu n c tio n  like  (3 )  o b e y s  th e  V T  o v e r  various 
ran g es  in th e  p a ra m e te r  sp ace . M o re o v e r , th e  V T  is necessary 
b u t not a  su ffic ie n t c rite r io n  fo r a w a v e fu n c tio n  to  be 
accu ra te . A s an  a lte rn a tiv e , o n e  c o u ld  th in k  o f  u ti liz in g  the 
fa r m o re  s tr in g e n t c rite r io n  o f  th e  c o n s ta n c y  o f  lo ca l energy
[6]; bu t, it d o e s  n o t e a s ily  f it in to  th e  M E P  fra m e w o rk . So, 
w e h av e  to  seek  so m e  o th e r  ro u te  to  e m p lo y  th e  M E P  form 
o f  PD  if  w e  w ish  to  b y p ass  (1 ).
H av in g  d isc u sse d  th e  su b tle tie s  o f  th e  M E P  approach 
w ith  re fe re n c e  to  its a p p lic a tio n  to  b o u n d  q u a n tu m  s ta te s , the 
p u rp o se  o f  th e  p re se n t c o m m u n ic a tio n  is to  p u t fo rw ard  a 
v a ria tio n a l rec ip e  th a t d o es  n o t req u ire  any a priori know ledge 
o f  m o m e n ts  b u t still u ses  th e  b asic  sp ir it o f  M E P . T h u s , we 
a v o id  p ro b le m s A an d  D. A v a r ia tio n a l fo rm u la t io n  [7] of 
th e  p ro b le m  a llo w s  us to  e m p lo y  P ^(k, x) in (3 )  as  a trial 
d e n s ity , c o n ta in in g  (A *- 1) p a ra m e te rs , to  be  op tim ized  
T re a tin g  5  ^(A, a) in (3 )  as a  function th a t a d m its  a  series 
e x p a n s io n , w e sha ll see  (hat p ro b le m  D can  a lso  be overcom e
[8] F in a lly , a su ita b le  p re fa c to r  [8] can  h a n d le  c a se s  in finite 
in te rv a ls , w h ile  a lin ea r v a r ia tio n a l s tra te g y  [9 ] w ith a 
sp ec if ic , d e riv e d  se t o f  o r th o g o n a l p o ly n o m ia ls , to  be 
d iscus.scd  b e lo w , w ill be fo u n d  to  e ff ic ie n tly  d e a l w ith  PD 
w ith  n o d es. T h u s , p ro b lem  C  can  a lso  be  a v o id e d .
O u r w o rk  is o rg a n iz e d  as fo llo w s. F irs t, in S e c tio n  2, wc 
recas t th e  p rim itiv e  M E P  a n sa tz  in v a r ia tio n a l m o u ld . This 
w ill e n ab le  us to  trea t {A„\ in (3 )  as v a ria tio n a l p a ra m e te r 
ra th e r than  as L ag ran g e  m u ltip lie rs  in c o rp o ra tin g  constraint 
re la tio n s  (1 ). N e x t w c sh o w  th a t, u n le s s  th e  la rg e -v  behaviour 
o f  P \k, x) is p ro p e rly  b u ilt in to  th e  M E P  a n sa tz , re su lts  are 
n o t sen s itiv e  e n o u g h . W e th en  p ro p o se  a w a y  o f  modifying 
the  p re v a le n t M E P  a n sa tz  (3 )  fo r  the  PD . S e c tio n  3 is devoted 
to  s tu d ie s  on e x c ite d  s ta te s  w h e re  a  c o u p le d  variational 
a p p ro ach  is ad o p te d  to  c o m p u te  th e  firs t /V e x c ite d  sta tes of 
a sy s tem  in o n e  s tro k e . F o r th is  p u rp o se  w e  in v o k e  a set of 
o rth o g o n a l p o ly n o m ia ls  w ith  th e  g ro u n d  s ta te  d e n s i ty  as the 
w e ig h t fu n c tio n . T h is  p ro c e d u re  b ro a d e n s  th e  sc o p e  o f  our 
v a ria tio n a l M E P  (V M E P ) a p p ro a c h . In S e c tio n  4 , w e  concern 
o u rse lv e s  w ith  th e  g ro u n d  a n d  e x c ite d  s ta te s  o f  quantum ; 
m e c h a n ic a l p ro b le m s  w h e re  th e  P D  v a n is h e s  at finite i 
b o u n d a rie s .
P ilo t c a lc u la tio n s  in th is  w o rk  in v o lv e  v a r io u s  anharmonic 
o sc illa to rs , th e  p ro b le m  of a p a r t ic le - in -a -b o x  (P B ) and its  ^
su p e rsy m m e tric  (S U S Y ) p a rtn e r. T h e  re a so n  fo r  choosing  ^
th ese  s im p le  e n e rg y  e ig e n v a lu e  p ro b le m s , w h e re  near-exact j 
re su lts  arc  a v a ila b le  th ro u g h  a v a rie ty  o f  ro u te s  [1 0 , 11], , 
to  p ro v id e  a re lia b le  y a rd s tic k  fo r  a s s e ss in g  th e  s treng th  of |  
o u r  ap p ro ach .
A s re g a rd s  th e  n u m e r ic a l w o rk  in v o lv e d  in th is  paper, 
h av e  re lied  m a in ly  u p o n  th e  c o n ju g a te  g ra d ie n t m ethod  of
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jw ell as d isc u sse d  in R ef. [12 ]. A  m o re  d ire c t m e th o d  b ased  
1 random  v a ria tio n s  o f  th e  p a ra m e te rs  as  o u tlin e d  by  
jllingbeck [13] h a s  a lso  b een  e m p lo y e d  by  us o c c a s io n a lly  
quicken th e  o p tim iM tio n  p ro c e s s  a s  w e ll as  to  p ro v id e  a
O SS-check.
Variational MEP for ground s ta te s  in |-ao, oo|
Bt us co n s id e r a  p o s i tiv e  se m id e fin ite , rea l p o te n tia l V{x) 
at sa tisfies V(x) =  (^.-x). T h is  d ic ta te s  P{x) = P{-x), an d  
ir bound s ta tes , w e  fu r th e r  re q u ire  th a t P(x) is n o rm a lizab le . 
Without an y  lo ss o f  g e n e ra lity  o n e  can  c h o o se
P{x)dx =  1. (5)
hese c o n s id e ra tio n s  a lso  a p p ly  to  /*'*(*, jc). G iv en  th e  
am iltonian
- ^  +  y{x),  (6 )
le odd m o m e n ts  n a tu ra lly  d is a p p e a r. T h u s , if  w e had  
lowledgc o f  th e  e v en  m o m e n ts  //2, //4, w e m ig h t 
instruct an u n n o rm a liz e d  PD
P =  e x p ( - S ^ '( ^ , - r ) )  =  exp | (7)
»r=l
lie natural c h o ic e  n o w  is to  tre a t th e  fo rm  (7 ) as a trial 
i'nsity and  use th e  s ta n d a rd  R a y le ig h -R itz  v a ria tio n a l 
rinciple T h is  d o e s  n o t re q u ire  an y  a d d e d  c o n s tra in t. O n e  
in also c lea rly  ju d g e  th e  e ff ic a c y  o f  fo rm  (7 ) fo r  d en sity  
id  think o f  p o ss ib le  im p ro v e m e n ts . T h e  p a ra m e te rs  in (7 ) 
X d e term in ed  by  m in im iz in g  th e  g ro u n d  sta te  en e rg y  
choose th e  fo llo w in g  g e n e ra l fo rm  fo r r ( x )  :
V {x )  - ax^ yx^ ( 8 )
am ple resu lts  a re  p re se n te d  in T a b le  I. W e sh o w  h ere  th e  
ffect o f  g ra d u a lly  in c re a s in g  th e  n u m b e r o f  te rm s  in 5  x)
n the av erag e  g ro u n d  s ta te  e n e rg y  E^ .. This te s ts  d ire c tly  the  
piness o f  th e  p r im itiv e  M E P  an sa tz . F o r c o m p a riso n , th e  
xaci resu lt in e a c h  c a se  is sh o w n  in p a re n th e se s , F o r b rev ity , 
e choose p re se n tly  =  0  in (8 ).
Let us n o te  a few  p o in ts  n o w . U su a lly , th e re  is a g rad u a l 
iip rovem en t in th e  re su lts  a s  w e in c rea se  th e  n u m b e r o f  
araineters, w h ich  is e x p e c te d . B u t, in so m e  ca se s , re su lts  
0  not im p ro v e  at all e v e n  w h e n  o n e  extra v a ria tio n a l 
larameier is e m b e d d e d  in T h is  is a d is tu rb in g
eaiure that re q u ire s  a  c lo se r  sc ru tin y . T o  th is  en d , let us p u t 
g iv en  b y  (7 )  in th e  e n e rg y  e ig e n v a lu e  e q u a tio n  
here F(.r) h a s  th e  fo rm  (8 ). E q u a tin g  th e  c o e ff ic ie n ts  o f  
ven pow ers o f  jr o n  b o th  s id e s  w e  o b ta in
2 / - 2
F rom  th is  re la tio n  w e  can  e x p re s s  -I2,, in  te rm s  o f  E^ . B y  u s in g  
a  re a so n a b ly  acc u ra te  v a lu e  o f  E^,^  it c a n  b e  c h e c k e d  th a t th e  
sign  o f  ^6 is n e g a tiv e  in ca se s  I to  5 in T a b le  I, a n d  in ca se  
6 th e  p a ra m e te r Ag is so. T h u s  th e  u se  o f  x), t ru n c a te d  
dXk = 3 an d  h en ce  re q u ir in g  a p o s itiv e  fo r  n o rm a liz a b ility  
in cases  I to  5, c a n n o t im p ro v e  resu lts . A  s im ila r  s itu a tio n  
a rises  fo r  Ag in ca se  6. In th e se  cases , e n e rg y  m in im iz a tio n  
is a ch ie v e d  by ta k in g  th e  p a ra m e te rs  c o rre sp o n d in g  to  th e  
h ig h e s t p o w e r o f  x v e ry  sm all and  p o sitiv e  (»  1 0 '^ )  le ad in g  
to  re su lts  no  b e tte r  th an  th o se  w ith  o n e  p a ra m e te r  less.
It ap p e a rs  th a t e ffo rts  a im ed  a t fu r th e r  im p ro v e m e n t o f  
re su lts  by  in c rea s in g  th e  d e g re e  o f  th e  p o ly n o m ia l jc) 
w ill be unwise on  tw o  co u n ts  : (i) th e  n o n -lin e a r  o p tim iz a tio n  
p ro ced u re  b eco m e s m essy  an d  ( i i)  th e  c o rre sp o n d in g  fo rm  
fo r in c rea s in g ly  d e p a rts  fro m  th e  tru e  a sy m p to tic
b e h a v io u r  fo r th e  g iv en  p o ten tia l. F o r e x a m p le , if  V(x)  ^
o n e  e x p ec ts  a  fa l l-o f f  o f  d en sity  as ex p (-x '* ) . O n  th e  o th e r 
h an d , in T ab le  I, w e h av e  a c h ie v e d  th e  m a x im u m  e n e rg y  
lo w erin g  already a t th e  co st o f  a  f a l l-o f f  g o in g  as exp(-x*® ) 
in th is  c a se  {cj. c a se  6). N a tu ra lly , fu r th e r  im p ro v e m e n t in 
e n e rg y  by g rad u a lly  in c rea s in g  th e  n u m b e r o f  p a ra m e te rs  in 
th e  m a n n e r  sk e tch ed  a b o v e  sh o u ld  lead  o n ly  to  a w o rse n in g  
o f  th e  a sy m p to tic  b e h a v io u r . T h e  m o ra l th e n  is  : th is  
p ro ced u re  can n o t tak e  us to  e x a c tn e ss . F o r th e  q u a rtic  
p ro b lem , th e  s itu a tio n  is m o re  d is tu rb in g  b e c a u se  h e re  th e  
d en sity  sh o u ld  decay  as e x p ( - | r ^ | )  w h e re a s  x )  is an  
ev en  p o ly n o m ia l. T h is  fea tu re  o f  th e  q u a rtic  o sc illa to r  
p ro b lem  h as been  n o ted  e a r lie r  [1 4 ,1 5 ] , a lb e it in d if fe re n t 
co n tex ts . A ll th ese  c o n s id e ra tio n s  p ro m p t u s to  seek  a  . 
m o d ifie d  s tra teg y  in th e  V M E P  fram ew o rk .
T he  m o d ifica tio n  is a ch ie v ed  by  tre a tin g  th e  se r ie s  
S x) as a fu n c tio n  th a t re sp ec ts
■*(/[,a ) - exp l-A **), 1-v| - >  oo, (1 0 )
fo r  6~ 0 , 0 in (8 ) A very  c o n v e n ie n t w ay  to  m ee t th is
re q u ire m e n t is p ro v id ed  by F ade ' a p p ro x im a n ts  (P A ) [16]. 
T h e  s im p le s t ch o ice  w o u ld  th u s  be
SHx) = ( I I )
A nd  h ere  w e  see  th a t .V^(a ) is rea lly  a  function th a t  ad m its  
o f  a se rie s  rep re sen ta tio n . T he  g en e ra l s tru c tu re  o f  5 ^ (/c ,x )  
in th is  sch em e w ill be
5 ^ ( A ,a ) =  - ( 12)
w h ich  is a  [A/, A/-2] ty p e  PA , ex c e p t fo r  th e  c o n s ta n t te rm  
in th e  n u m e ra to r th a t is h e re  ab so rb e d  in n o rm a liz a tio n . W e 
can  th u s  g en e ra te  a  fam ily  o f  tria l d e n s itie s  by  v a ry in g  k in 
th is  case . B ut, th is s tra te g y  c a n n o t be  a p p lie d  to  V{x) in (8 )  
w ith  <5= y =  0 fo r o b v io u s  rea so n s . W e h av e  to  c h o o se  a  m o re  
g en e ra l fo rm  o f  S \k ,  x). T h is  fo rm  re a d s  as
[Prix'^)\
= (9)
S' i^k =  — — s [r ,s / t ,u ] . (13)
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w here  r, s, t and  u a re  ju d ic io u s ly  c h o sen  to  sa tis fy  th e  
a sy m p to tic  b e h a v io u r fo r a g iv en  p o ten tia l p ro b lem . T h e  
h ig h est p o w er o f  x in p o ly n o m ia l p \  is 2r w h e reas  in it 
is 2t. T h e  co n stan t te rm  in th e  fo rm er is tak en  as  z e ro  w h ile  
in the  la tte r it is unity . T h e  tru e  d en sity  g o es  as ex p (- .T r)  as 
jc 0 in all th e  cases . W e se t .v =  I in (1 3 )  to  re sp e c t th is 
beh av io u r. T he  to ta l n u m b er o f  un k n o w n  p a ra m e te rs  in the  
PD  is th en  A "M'* + 0- In T ab le  2, w e d isp lay  so m e re su lts  
fo llo w in g  th is  m o d ifica tio n , c o rre sp o n d in g  to  ca.ses d iscu ssed  
in T ab le  I.
Tablf 2. Ground stale energies lor potentials in (8 ) via an improved VMHP
employing the power-Pade' form (13) in (7)
Case r / u L,
1 2 1 1/2 1 060362093
2 2 1/4 1 0603620920
3 3 1/2 1 06036209050
2 4 1/8 1 06036209049
(1 06036209048)"
2 2 1 1/2 36 26387349
2 2 1/4 36 26387344
2 4 1/8 36 26387338993 
(36 263873389915)“
3 2 I 1/2 1 39235164160
2 2 1/4 1 39235164154
2 4 1/8 I 3923516415304
(I 3923516415303)“
4 2 1 1/2 36 27445823
2 2 1/4 36 27445819
2 4 1/8 36 27445813375
(36 274458133737)“
.5 2 1 1/2 0 657653039
2 2 1/4 0 657653006
2 4 1/8 0 6576530051862
(0 6576-530051856)*’
6 3 1 1 I 14480246
4 2 1 1 144802454
(1 1448024538)“
•See Ref |I0 |, ‘’Sec Ref 111]
C o m p a rin g  th e se  re su lts  w ith  th e  e a r lie r  o n es , it is q u ite  
c le a r  th a t i f  th e  tr ia l PD  c o n fo rm s  to  th e  correct a sy m p to tic  
b eh av io u r , th e re  is a significant im p ro v em en t in th e  en e rg ie s
an d  hen ce  in th e  q u a lity  o f  th e  d en sity . T h u s , by  c lin g in g
to  p o w e r-P a d c ' ty p e  a p p ro x im a n ts  (1 3 ) , a n ice ly  w o rk ab le  
fu n c tio n a l fo rm  o f  x) m ay  be c o n s tru c te d  i f  o n ly  th e  
sm all- an d  large .v b eh a v io u rs  o f  the  d en sity  a re  k n o w n  a 
prion.
3. V a r ia t io n a l  M E P  f o r  e x c ite d  s t a te s  in  |-o o , oo|
W e now  d isc u ss  h o w  o u r  fo rm a lism  can  b e  e x ten d e d  to  d ea l 
w ith  e x c ited  s ta tes . T h e  PD  g iv en  by  (3 ) can  v an ish  on ly  a t 
jf ^  ± oo, but d o es  n o t su p p o rt n o d es  a t an y  fin ite  v a lu e  o f  
X. O n e  w ay ou t o f  th is  difTlculty is to  m u ltip ly  th e  g ro u n d  
s ta le  d en sity  P  o(^, x) w ith  a  p o ly n o m ia l so  c h o sen  as to  m ak e
th e  d e n s ity  fu n c tio n  v a n ish  a t th e  n o d e s . T h e  d e n s i ty  fo r  the 
first e x c ite d  s ta te , fo r  e x a m p le , c a n  b e  ta k e n  a s
P, Hk,x)-x^P^'^(k.x). (14 )
S u ch  a  c h o ic e  h as  b een  fo u n d  to  w o rk  s a t is fa c to r ily  fo r  all 
th e  p ro b le m s c o n s id e re d  h e re . T h is  s im p le  s c h e m e , h o w ev er, 
d o es  n o t w o rk  fo r th e  se c o n d  a n d  h ig h e r  e x c ite d  s ta te s  i f  we 
d o  n o t k n o w  th e  n o d a l p o s itio n s  e x a c tly . F o r  in s ta n c e , i f  we 
tak e
A ^ ( A , j i ') - ( l - v j c 2 ) P o ^ ( A ,x )  (15)
fo r th e  se c o n d  e x c ite d  s ta te  a n d  a llo w  v a ria tio n a l freed o m  
to  a ll th e  p a ra m e te r s ,  P^(k,x)  c o l la p s e s  to  Po^(A, jr) 
c o rre sp o n d in g  to  v ^  0. T h e re  is th u s  th e  n e e d  fo r  a  m ore 
ro b u s t an d  sy s te m a tic  a p p ro a c h  fo r d e a lin g  w ith  ex c ited  
sta tes . W e a d o p t th e  fo llo w in g  s tra te g y  fo r  c o n s tru c tin g  the 
e x c ite d  s ta te  d e n s itie s .
( i)  W e tak e  jc) in (1 3 )  to  re n d e r  th e  tr ia l PQ\k,x) 
re a so n a b ly  g o o d . W e n o w  tre a t it a s  a  w e ig h t fu n c ti( |n  and 
g e n e ra te  a  se t o f  N p o ly n o m ia ls  in x^  th a t fo rm  an  o rth o g o n a l 
se t w ith  re sp e c t to  th is  w e ig h t fu n c tio n . A ll th e s e  p o ly n o m ia ls  
Qf h av e  lead in g  c o e ff ic ie n t I. T h e  a lg o r ith m  b e lo w  [12 ,17 ] 
can  b e  used  to  g e n e ra te  th e se  p o ly n o m ia ls  :
S et Qq(x-) =  I an d  c a lc u la te
={Qo.Qo)=^ ^Qa(x^)Qo{x-)P^(.k,x)dx.
N ex t, se t
=  (17)
(18)
H a v in g  o b ta in e d  ^o(Jf^). Qi(x^ )> o n e  c a n  n o w  ev a lu a te
R, B, = { x -^Q,{x^),Q,(x^))i Rr,
Cj = R, / . (19)
T h e  p o ly n o m ia l Q, \^ ( jc  ^ ) is th en  o b ta in e d  b y  e x p lo itin g  the 
th re e -te rm  re c u rre n c e  re la tio n
Q, .^  ) = (x—  B, )Q, ( jc 2 ) -  C,Q,_, ( x 2 ) (20)
w ith  Q_^  = 0 .
( i i)  W e fo rm  a  lin e a r c o m b in a tio n  o f  su c h  o rthogonal 
fu n c tio n s  w ith in  th e  sp e c if ie d  m a n ifo ld , fix  th e  nonlinear 
p a ra m e te rs  an d  o p tim iz e  th e  lin e a r o n e s  v a r ia tio n a lly . Such 
a c o u p le d  v a ria tio n a l a p p ro a c h  e n su re s  h ig h  a c c u ra c y  fo r at 
leas t th e  firs t N /2  s ta te s  [1 8 ]. T o  th is  e n d , w e c o n s tru c t the 
H am ilto n ia n  m a trix  w ith  th e s e  s e t o f  fu n c tio n s  a s  basis 
fu n c tio n s  an d  fin d  th e  e x c ite d -s ta te  e n e rg ie s  b y  d iag o n aliz in g  
the  m atrix . It sh o u ld  b e  p o in te d  o u t th a t th is  variational 
sch em e o ffe rs  d en sitie s  o f  v a rio u s  s ta tes  a s  lin e a r com binations 
o f  ce rta in  b a s is  fu n c tio n s  each o f  w h ic h  o b e y s  th e  correct 
asymptotic behaviour. W e  p re s e n t re s u lts  fo r  a  fe w  even 
s ta te s  la b e lle d  by  th e  in d e x  n in  T a b le  3 . J u s t  15 basis 
fu n c t io n s  h a v e  b e e n  e m p lo y e d  h e r e  to  c o n s t r u c t  the
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|»ble 3 . Energies ol ground (n -  0 ) and even excited stales for the 
poicniial lorm (8) via the improved VMt-P
I'ix) Density parameters ;i Imcrgies £„
0 I 0 0
I) 40000 0 0
0 0 I 0
0 0 0 1
I 1/2 0 I 0 6 0 3 6 2 0 9 0 4 ^ 4 IK
(1 06036209048418)“ 
2 7 45569793798677
(7 45569793798674)’ 
4 16 2618260188559
(16 2618260188502)" 
6 26 .5284711844325
(26 528471 1836825)*' 
8 37 9230010773345
(17 9 2 3 0 0 10270340)" 
1 1/2 0 36 2638733899154
(36 2638733899154)" 
2 254 981282792888
(254 981282792887)" 
4 SS6 146626825698
(556 146626825505)" 
6 907 260952549708
(907 260952524100)’ 
8 1296 94839336072
(1296 94839164047)" 
1 1 0 1  14480245379705 
(1 14480245379705)"
th e  s im p le s t q u a n tu m  m e c h a n ic a l sy s tem , v/z. th e  PB , h as n o t 
been  te s ted , to  th e  b est o f  o u r  k n o w le d g e . I'he re a so n  is th a t 
th e  M E P  a n sa tz  fo r d e n s ity  fa ils  to  sa tis fy  th e  b o u n d ary ' 
b e h a v io u r as w e a lre a d y  p o in ted  ou t. H en ce , in th is  se c tio n , 
w e tu rn  o u r  a tte n tio n  to  th e  g ro u n d  an d  e x c ite d  s ta te s  o f  f in ite  
ran g e  p o te n tia ls  H ere  w e e x a m in e  h o w  th e  fo rm  (3 )  fo r 
d e n s ity  can  be m o d u la te d  to  s im u la te  th e  d e n s itie s  o f  g ro u n d  
an d  ex c ited  s ta les  o f  a few  v ery  s im p le  sy s tem s . W e firs t 
c o n s id e r  th e  PB p o ten tia l w h e re
- 1 < A  < I
= « :^ ,|.v |> l (2 1 )
T he  p rim itiv e  M E P  an sa tz  w ith  an y  fin ite  set of-A 's c a n n o t 
e n su re  the  v a n ish in g  o f  P '(/t, x) at .r ±  I. In o u r  V M E P  
a p p ro ach  w e in co rp o ra te  th is  b e h a v io u r  th ro u g h  a prefactor 
o f  th e  fo m i ( l  -  v- ) ‘^ . For th e  g ro u n d  s ta te  w e  th u s  ch o o se
= (I -  A ' r  e x p f- .S ’ -^Ci^,a )] , (2 2 )
A
(2 3 )
».-l
Let us n o te  th a t h ere  th e  large-A b e h a v io u r  p o se s  no  
p ro b lem  an d  h en ce  a few  te rm s  o f  th e  se r ie s  re p re se n ta tio n  
fo r S \k, x) w ill su ffice . T h e  c o e ff ic ie n ts  Aj,, in (2 3 )  a rc
Tabic 4. VM I!P rcsulis for ground siiilc o f  PH w ith f\){k,x) given by (22)
1/2
2 V 0 7 3 0 « 4 5 6 0 9 2 I4 5 Ciruiind state energy Lnlropy
(9 07308456092143)* 6 0 2 5808 0 367
4 21 7 I4 I6 5 4 2 2 2 0 I8 4 0 2.5178 0 373
(21 7141654221967)* 3 0 2 4866 0 378
6 37 6130865618979 2 5 2 4801 0 383
(37.6130865608952)* 2 1 2 4689 0 385
8 56 1993009007144 2 01 2 4675 0 3862
(56 1993008525004)' 2.001 2 46741 0 386285
0 1 22582011380050 2 0001 2 467402 0 3862936
(1 2258 2 0 1 1 3 8 0 0 4 9 )' 2 0 2 467401100274 0 3862944
2 10 2449469772368 (2 467401 100272)" (0 3862944)"
(10 2 4 4 9 4 6 9772369)' "1 xuci result
4 25 80901)67512976
(25 8090067512979)“
6 46 3127704950524
(46 3127704950353)’
8 71 0392576893412
(71 O392576758820)"
V e  Kd |1()|
H am ilto n ian  m a trix . W e h a p p ily  n o te  th a t in all c ases  the  
en erg ies  o f  th e  f irs t few  e x c ite d  s ta te s  a re  re p ro d u c e d  w ith  
a lm ost fu ll m a c h in e  p re c is io n . H ere  w e h av e  ad d itio n a lly  
co n sid e red  th e  a ** p o te n tia l fo r  th e  sa k e  o f  co m p le te n e ss , 
^ le e d le s s  to  m e n t io n , a  s im ila r  p ro c e d u r e  u s in g  o d d  
p o ly n o m ia ls  in a w o u ld  h a v e  led  to  th e  PD  fo r o d d  sta tes.
4. VMEP approach for finite range potentials
It is cu rio u s  to  n o te  th a t w h ile  th e  M E P  h a s  b een  su ccess fu lly  
em p lo y ed  to  a  w id e  v a r ie ty  o f  p to b le m s , its a p p lic a b ility  to
tre a te d  v a r ia tio n a lly  w h ile  th e  e x p o n e n t (t  is c o n s id e re d  to  
be an a d ju s ta b le  p a ram e te r . In T ab le  4 , w e sh o w  th e  re su lts  
o f  o u r co m p u ta tio n  w ith  ju s t  three p a ra m e te rs  in S '(A, a ).  
T h e  v a lu e  o f  cr is re s tr ic ted  to  be g re a te r  than  o r eq u a l to  2. 
T h is  is b ecau se , fo r rr < 2, th e  k in e tic  e n e rg y  in teg ra l 
eJiver^ e.s. T h e  im p o rtan t p o in t to  be n o ted  h e re  is th e  very’ 
sensitive d e p e n d e n c e  o f  th e  g ro u n d  sla te  e n e rg y  o n  th e  
e x p o n e n t cr. fh is  c lea rly  sh o w s th e  a d e q u a c y  o f  th e  m o d ifie d  
fo rm  (2 2 ) fo r the PD  e m p lo y e d  by us. U n lik e  th e  ca se s  
c o n s id e re d  ea rlie r , th e  PB p ro b lem  is e x a c tly  so lv a b le . So  
h e re  it w ill be o l‘ interc.st to  c o m p a re  th e  e x a c t in fo rm a tio n  
en tro p y  w ith  th a t c a lc u la te d  by  u s in g  th e  e n e rg y -o p tim iz e d  
d e n s ity  fo r v a rio u s  v a lu es  o f  cr. T h is  su re ly  p ro v id e s  an 
ad d itio n a l te s t o f  g o o d n e ss  o f  o u r  m o d if ie d  P D  T a b le  4 
d isp lay s  th e  re lev an t re su lts . T h e  ta b u la te d  v a lu e s  c le a rly  
ju s tify  th e  w o rk a b ility  o f  o u r  sch em e .
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N ow  we sd itly  the ex c ited  s ta te s  by  a d o p tin g  a p ro c e d u re  
s im ila r  to  the  o n e  d is c u sse d  in th e  p re v io u s  se c tio n  
I hese resu lts  a re  d isp la y e d  in Table 5. W c h av e  c h o se n  h e re
I Hhic -S. VMI I’ results for (he cnerpics o f a (cw  even slates o f  PU
lixaci results
2 46740110027234  
22 20f»60000245l0 
61 6S>027506808I 
I2U 0026S3033245 
100 8*^0821665051
2 467401100272340  
22 20660990245007 
61 .68502750680825 
120 9026539133442 
199 8504891220587
(T 2 .0 iho! has e m e rg e d  ou t o t the  c a lc u la tio n s  just 
d iscu ssed , and 10 basis fu n c tio n s . T h e  acc u ra c y  is v e ry  g o o d  
loi the low er s ta le s  I f  w e w an t s im ila r  a c c u ra c y  fo r the  
h ieh e i s la tes w e h av e  to  ro u tin e ly  in c rease  th e  n u m b e r o f  
h.ises S in ce  th is p ro b lem  is e x a c tly  so lv ab le , o n e  m ay  
check  how  the true  d en sity  d ecay s  to  ze ro  at th e  e x tre m itie s  
and  co m p are  it w ith  the  b e h a v io u r  o f  th e  o p tim iz e d  d en sity  
that we o b ta in  H ere , it m ay  be v e rifie d  tha t the  m a tc h in g
IS I’XUCt
In the case  o f  PL3, the p o ten tia l rises to  in fin ity  ab ru p tly  
at V > 1 and th e  e x p o n e n t m n  the PD  can  tak e  o n ly  v a lu es 
equal to or g re a te r  than  2 0, So it w ill now' be o f  in te rest to  
Nitid} a n o th e r f in ite -ran g e  p o ten tia l w h e re  liie e x p o n e n t can  
be varied  on cil/w/ sii/c o f  the  o p tim u m  va lu e . W e m ay  a lso  
insist that the  p o ten tia l g ro w s to  in fin ity  ra th e r so f tly  so  that 
a ii\ role o l the end  cl feels m ay  b e co m e  tra n sp a re n t, f o r  th is 
p u rp o se , w e have  trea ted  th e  p o ten tia l
( V)  ( ;t ’ / 2 )sec^  ( /cv / 2) (24)
w hich  IS the w e ll-k n o w n  su p e rsy m m e tr ic  (S U S Y ) p a rtn e r 
I 20] ol the PB U sin g  a PD  w ith  the  sam e  form  as in (2 2 ), 
w e gel the le su lis  d isp lay ed  in T ab le  6. W e ag a in  find  that 
the energv d e p en d s  sen s itiv e ly  on the v a lu e  o f  cr. W e also  
lliul that the o p tim u m  valu e  ol r r ( -  4 .0 )  co m e s  o u t to  be 
the sam e as the one  o b ta in ed  by ex ac t a n a ly tic a l lie a lm e n t
I 6. \  Ml 1* icsLil.'s lui u io iinJ Male nl S tiSS ' partiici o f  I’ll given 
li> ( ’4)
n (iiiuiiul slalc cncrii> Lnlropy
(1 9 s 7011 0 15151
\ 1 9 869009 0 15157
\ (*1 9 86960 144 0 1515733
\ (UM 9 8696044015 0 1514733
1 iiOOl 9 869604401091 0 1515733
4 (1 9 869604401091 0 1515733
9 869604 401099 0 1515733
9 8696044016 0 1515733
\ 99 9 81)960444 0 1515732
3 9 9 869609 0 15157
4.0 9 8701
(9 869604401089)*
0 15146 
(U 1515733)“
I Xcict rc^llll
It is fu r th e r  n o ted  th a t th o u g h  h e re  th e  g ro u n d  s ta te  e n e rg y  
d e p e n d s  se n s itiv e ly  on  th e  v a lu e  o f  a ,  th e  d e p e n d e n c e  is n o t 
as sh a rp  as in the  c a se  o f  th e  PB . In o th e r  w o rd s , (dE/dd) 
fo r PB  is m u ch  la rg e r th an  th e  sa m e  fo r its  S U S Y  p a rtn e r, 
fh is  d if fe re n c e  in b e h a v io u r  h as its o rig in  in th e  m a n n e r  in 
w h ich  th e  p o te n tia ls  a p p ro a c h  in f in ity  a t th e  b o u n d a r ie s . T h e  
so f te r  th e  rise  o f  th e  p o te n tia l , th e  less s e n s itiv e  b e c o m e s  th e  
d e p e n d e n c e  o f  E  on  <r. C a lc u la tio n s  o f  th e  in fo rm a tio n  
e n tro p y  a lso  sh o w  a tren d  s im ila r  to  th a t fo u n d  in th e  e a r l ie r  
case . R esu lts  fo r  th e  e x c ite d  s ta te s  c o r re s p o n d in g  to  th e  
ab o v e  S U S Y  p a rtn e r  p o te n tia l a re  n o t se p a ra te ly  sh o w n  h ere  
fo r b rev ity . W c h av e , h o w e v e r , c h e c k e d  th a t  th e  a c c u ra c y  
in th is  ca.se is as g o o d  as in th e  PB  s i tu a tio n .
5. C o n c lu s io n
T o  su m m a riz e , o u r  m o tiv a tio n  h as p r im a ri ly  b e e n  to  e x p lo re  
h o w  o n e  sh o u ld  e m p lo y  th e  M E P  fo rm  o f  th e  P D  to  g a in  
a d v a n ta g e  in s tu d ie s  in v o lv in g  b o u n d  q u a n tu m  s ta te s . W e 
h o p e  to  h av e  a c h ie v e d  th e  en d . It is q u ite  c o m fo r t in g  to  nipte 
tha t th e  w h o le  o f  th e  a b o v e  s tu d y  b y p a sse s  th e  n e e d  to  k n 6 w  
th e  e x a c t o r  a p p ro x im a te  v a lu e  o f  e v e n  a s in g le  m o m e n t. 
T h u s , w e ra d ica lly  d e p a rt fro m  tra d itio n a l im p le m e n ta t io n  Of 
th e  M E P . fu r th e r ,  a  m o d if ie d  fo rm  o f  th e  M E P  a n sa tz  for 
PD  h as been  sh o w n  to  be c ru c ia l in e n s u r in g  th e  su c c e s s  o f  
th e  te c h n iq u e . '1 h is m o d if ic a tio n  ta k e s  a c c o u n t o f  k n o w n  
sm all- and  large-A' b e h a v io u rs  o f  P(.v). W e h a v e  a lso  o v e rc o m e  
th e  p ro b lem  o f  in c o rp o ra t in g  n o d e s  in P(x) b y  h a v in g  
re c o u rse  to  a lin ea r v a r ia tio n a l s tra te g y  in th e  a b s e n c e  o f  an y  
o th e r su ita b le  p re v a le n t o n e . O n  th e  o th e r  h a n d , in f in ite  
in te rv a ls , th e re  is no  s ta n d a rd  p re s c r ip tio n  a s s o c ia te d  w ith  
the  M E P  a p p ro a c h  ev en  fo r th e  g ro u n d  s ta te . In th is  case , 
w c h av e  fo u n d  th a t a su ita b le  p re fa c to r  th a t  m a k e s  the  
d e n s ity  v an ish  at e ith e r  o f  th e  b o u n d a r ie s  c an  h a n d le  the 
s itu a tio n  q u ite  c o m m e n d a b ly . It h as  a lso  b e e n  s tu d ie d  how  
the  n a tu re  o f  th e  p o te n tia l d ic ta te s  th e  s e n s it iv ity  o f  the 
e n e rg y  on th e  fo rm  o f  th e  p re fa c to r  A d d itio n a lly , the 
im p ro v e d  V M E P  a p p ro a c h  th a t w e h a v e  a d o p te d  h e re  seem s 
to be h ig h ly  re w a rd in g  from  a c o m p u ta tio n a l s ta n d p o in t also . 
In v a ria tio n a l c a lc u la tio n s , p ro p e r  c h o ic e  o f  a  tr ia l fu n c tio n  
is c ru c ia l. B ut, th e re  e x is ts  n o th in g  like  a 's ta n d a rd  ch o ice '. 
O u r p ilo t c a lc u la tio n s  in d ic a te  th a t o n e  m a y  u se  th e  M E P  
form  o f  d e n s ity , w ith  n e c e s s a ry  m o d if ic a tio n s , a s  a  first 
n a tu ra l ch o ice . T h en  a  lin e a r v a r ia tio n a l f r a m e w o rk  m a y  be 
a d o p te d , in th e  m a n n e r  w e sk e tc h e d , to  e x tr a c t  s till m ore  
a c c u ra te  re su lts  fo r b o th  g ro u n d  a n d  e x c ite d  s ta te s .
E x ten sio n  o f  th e  a b o v e  fo rm a lism  to  m u ltid im e n s io n a l 
p ro b lem s w ith  separable p o te n tia ls  is s tra ig h tfo rw a rd . A tom ic  
p ro b le m s u n d e r  a c e n tra l- f ie ld  a p p ro x im a t io n  c a n  a lso  be 
tre a te d  via th e  sc h e m e  o u tl in e d  h e re . In th is  c o n te x t ,  w e  m ay 
a lso  m e n tio n  th a t th e  a p p lic a tio n  o f  in fo rm a tio n  e n tro p y  to  
th e  T h o m a s-F e rm i m o d e l o f  a to m s  h a s  b e e n  su c c e s s fu lly  
p u rsu e d  (see , e .g . [2 1 ] an d  re fe re n c e s  th e re in ) . H o w e v e r , for 
n o n se p a ra b le  p o te n tia ls , a s im p le  a n s a tz  fo r  th e  d e n s i ty  like 
(3 )  c a n n o t be o b ta in e d . In d e e d , a n y  m o m e n t- b a s e d  a p p ro ach
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is likely to  e n c o u n te r  d ifT icu lties in su c h  s itu a tio n s  [22], 
F inally , th e  'e n tro p y ' c o n s id e re d  in th is  an d  re la te d  w o rk s  
refers no t to  th e  ra n d o m n e ss  in e n e rg y  sp ace , b u t to  the  
en tropy  o f  th e  d is tr ib u tio n  in p o s itio n  sp ace  c o rre sp o n d in g  
to pu re  s ta te s . T h e  la tte r  q u a n ti ty  o b v io u s ly  p o sse sse s  a  
non zero  v a lu e .
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